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Abstract- Within the framework of the Loitsyansky theory for the problem of the development of submerged 
swirled jets, the distribution of excess temperatures in swirled jets has been obtained by the method of 
asymptotic expansions. The second and third terms of the excess temperature expansion have been found 
takingaccount oftheeffect ofjet swirlingintensityoverawiderangeofPrandtlnumbers(Pr # l).Theresultsof 
experimental investigations of the velocity, pressure and concentration fields of a gas admixture in turbulent 

swirled jets of air are given which are compared with the prediction. 

NOMENCLATURE 

thermal diffusivity 
eddy viscosity coefficient 
gas admixture concentration 
initial concentration 
specific heat at constant pressure 
initial mass rate of flow 
pressure 
heat flux 
Schmidt number 
excess temperature as against that of the 
surrounding medium 
value of the mean flow speed 

u, o, w axial and radial velocity components and 
rate of swirling 

x, r longitudinal and transverse coordinates. 

The statement and the first analytical solution of the 
problem of swirled jet development in an infinite space 
are due to Loitsyansky [S]. The problem was solved on 
the basis of the laminar boundary-layer equations by 
the method of asymptotic expansions. Loitsyansky has 
found the first and second terms of velocity and 
pressure components in their final form. The third and 
fourth terms ofthe velocity expansion were determined 
in ref. [6] and of the pressure expansion in ref. [3]. The 
solution makes it possible to allow for the effect of 
swirling intensity on the velocity and pressure 
distribution in a jet and to evaluate the extension of 
the recirculation region. Heat transfer in a swirled jet at 
Pr = 1 has been considered elsewhere [S]. 

Greek symbols 

; 

(3K,/16r~A)“~ 
M ,/2nA 

Y 3~L,,/16aAv~‘~ 
6 characteristic constants of swirled jets [6] 

VI coefficient of kinematic eddy viscosity. 

In this paper, the distribution ofexcess temperatures 
in swirled jets ofa viscous liquid and a gas, i.e. at Pr, = 1, 
has been obtained. The results of experimental 
investigations of the fields of velocities, pressure and gas 
admixture concentration in axisymmetric turbulent 
swirledjets are presented which are compared with the 
solution obtained. 

INTRODUCTION LAMINAR SWIRLED JET 

A LARGE number of works have been reported which 
deal with the study of the process of formation and 
development of laminar and turbulent swirled jets in an 
infinite space submerged in a medium with the same 
physical properties as the jet. A summary of the main 
works can be found in refs. [l-4]. 

The equation of heat transfer in a laminar boundary 
layer of a viscous incompressible liquid in the case of 
axisymmetric motion in a cylindrical coordinate 
system is 

Unlike straight jets, the swirled jets are characterized 
by the presence of the centrifugal effect which produces 
transverse and longitudinal pressure gradients. This 
explains their wide use in different technological 
processes and in engineering. For example, in furnace 
engineering, the swirled jets are used as a source of 
acceleration and stabilization of burning. They have a 
larger divergence angle and accordingly a smaller 
range, as compared with straight jets, and a higher 
ejection ability which makes for better mixing of a fuel 
with air, while the recirculation region originating at 

aAT i3AT 
U7g+vr=a 

Besides the momentum, K,, and the moment of 
momentum, L,, conservation conditions [S], the 
integral invariant ofthe problem is also the condition of 
the excess heat content conservation 

Qo = 2n~cp 
s 

m 
uATr dr = const. (2) 

0 

Introducing new independent variables [S] 

x = x, v = r(xv))‘, (3) 

the root of an intensely swirledjet favours the process of 
burning stabilization. 
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we add the temperature expansion 

AT = f d,,(q)xm”, 
“=I 

(4) 

to the asymptotic expansions of the longitudinal, u, and 
transverse, v, velocity components, swirling rate, w, and 

pressure, P, of the ‘dynamic’ problem [3, 5,6]. 
Substitution of equation (4) into equation (1) and 

comparison of the coefficients at the terms involving the 
same exponents of x yield a system of ordinary 
differential equations to determine the unknown 
functions, d,, d,, d,, . , which in terms of the variable 

have the form [9] 

~(l-&I’~+[l-2(l-Pr)~]d;+2Pr d, =O, 

<(l-#‘;+[l-2(1-Pr)[]d;+4Pr d, 

(5) 

= FPr(l-4<)(1 -02”, 

[( 1 -&I’; + [ 1 - 2( 1 - Pr)[]d” + 6Pr d3 

= -yPr[$-(3Pr+9)[+(12Pr+6)[2] 

x (l-1)2” -$Pr[5+(lOPr-19)< 

-14(Pr-l)~2](l-~)2p’~‘. (6) 

The boundary conditions are : dk(0) (limited) and dk( co) 

=O(k= 1,2,...)[9]. 
The solution of the first equation of system (6) which 

satisfies the boundary and integral (2) conditions [lo] is 

d,(c) = 2a2(l -[)2p’. (7) 

Here 

CC = rO;;;p;r)1”2. 

The homogeneous equations corresponding to d, and 
d,, system (6) are hypergeometrical 

~(l-~)d~+[l-2(l-Pr)~]d~+2kPrd,=O, k=2,3, 

and have the solution [ 111 

d, = c,W+, b,, 1, i) + c2 F(% b,, 1, i) ln i 

+ f i” (%)“(ul 
n= 1 

0” Cbek + 4 - w/J 

+$(b,+n)-2$(n+l)+2$(n)] , k = 2,3. 

(8) 
Here 

uk = f-Pr+$[l +4(2k-l)Pr+4Pr2]1’2, 

b, = $--Pr-$[l +4(2k-l)Pr+4Pr2]“‘. 

The quantity $ with a respective argument is the Euler 

psi-function, and c, and c2 are the integration 
constants. A partial integral of the inhomogeneous 
equation for d, of system (6) [9] is 

d,(c) = -~(l-4PrQ(l-[)2p’. (9) 

According to the boundary conditions, cr = c2 = 0 
and the solution of the equation is only its partial 

integral, equation (9). 
The solution of the equation ford, at Pr = 1 has been 

obtained elsewhere [S]. The general solution of the 
equation ford, at Pr # 1, which satisfies the boundary 
and integral conditions, can be found in a similar way as 

in ref. [S] and is of the form 

d3([) = p7,“i [l - 1OPr c +4Pr(2Pr + 1)12] 

_ 3m~~~‘l) [l+Pr(5Pr-7)[+Pr(Pr-1)] 

x ,,s2 $ i” (1 -ilZP’> I 
a, 4Pr a -, 

a,=O, _= _-f+L 
n! n2 (n-l)! 

( n-l 
X- + 2Prn--3 

n > rl2 ’ 
n > 3. (10) 

Eventually, the temperature distribution in a swirledjet 
in terms of the variable n, equations (3), at Pr # 1 is 

+%(I-6Pr+RPr2) - y2 
I 3(Pr - l)a4 

x B[l +ia2q2(l -7Pr+5Pr2)] 
( 

+Pr(Pr- I)mt2 2 C~a2~2B]” >I I f . (11) 
Here 

B = (1 +&x~~~)-‘. 

TURBULENT SWIRLED JETS 

Following the Loitsyansky hypothesis [S], an 
axisymmetric turbulent swirledjet will be considered as 
a laminar one, but as having molar viscosity. 
Consequently, the results obtained for the laminar jet 
are assumed to be valid for a turbulent one provided 
that the velocities are averaged in time and that the 
coefficients of molecular, p, and kinematic, v, viscosity 
are substituted by the coefficients of molar viscosity A 
and kinematic eddy viscosity v, = A/p, the values of 
which are determined according to ref. [12]. In 
conformity with this, the laminar flow Prandtl number 
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Table 1. Integral and characteristic constants of swirled jets 

Type of 
jet 

L, x lo2 
R (“N (N m) u/d”’ Bid y/d2 a/d3 a 4 

‘S-l’ 1.86 1.16 0.553 11.72 10.20 54.77 559 0.140 0.67 
‘S-2 2.08 1.06 0.552 11.62 8.89 235.26 575 0.132 0.76 
‘S-3’ 2.48 1.30 0.804 11.40 6.16 609.92 1059 0.116 0.75 

is substituted by the turbulent Prandtl number, Pr,. 
Since the process of mass transport in jets is equivalent 
to the process of heat transfer [l, lo], these processes 
are described by the same equations with respective 
replacement of temperature, AT, by the expression for 
the concentration, c, and of the thermal diffusivity 
coefficient by the coefficient of diffusion, i.e. Pr, by SC. 
Hence, the distribution of admixture concentration in 
turbulent submerged jets is described by equation (14) 
taking account of the above remarks. According to ref. 
[l],Sc = 0.7. The velocity and pressure distributions in 
the jet are given elsewhere [3, 5, 61. 

Experimental investigation of the gas admixture 
concentration distribution has been carried out for an 
axisymmetric turbulent swirled air jet escaping from a 
10.5 mm diameter nozzle (the gas flow rate is 24 m3 h _ ‘, 
Re = 5.6 x 104). A gas admixture (methane) was 
introduced to the extent of 1% of the airflow rate into 
the pipeline which fed air to the nozzle. Swirledjets were 
formed with the aid of four-start screw swirlers 
sequentially inserted in the body of the nozzle. A gas-air 
jet was developed in a cylindrical tube of 800 mm in 
diameter which was connected to a smoke exhauster. 
The ratio of the airflow rates through the nozzle and the 
tube was 1: 10. The velocity and the pressure in the jets 
were measured with a spherical five-channel probe 
(with the head having a diameter of 4 mm). This made it 
possible to obtain three components ofthe velocity and 
static pressure distributions. The Pitot-Prandtl tube 
was used as a gas sampling pipe. The secondary 
measuring devices were the MMN-250 micromano- 
meters and gas chromatograph ‘Tsvet’ (Colour) with a 
recording potentiometer KSP-4. The measurement of 
methane concentration in the mixture was accurate to 
within 3%. 

A criterion for the estimation of the swirling intensity 
was chosen to be the quantity R = 4L,/K,d. 

The integral characteristics of the jets investigated 
are presented in Table 1. The characteristic constants c(, 
p, y, 6, and OS are determined by comparing the axial 
velocity, pressure and concentration distributions 
obtained experimentally with those predicted at a~ = 0 

c31. 
The variable q is connected with the jet radius by the 

formula tlq = k,r/x [3], where k, is the proportionality 
factor the values of which are listed in Table 1. 

Figures 1 and 2 present the experimental velocity and 
pressure distributions in swirled jets [3]. Here, the solid 
curves show the solution of the problem by the method 
of asymptotic expansions within the framework of the 
Loitsyansky theory [S] and of its modifications [3,6]. 

Leaving aside the solution of the dynamic problem, the 
analysis of which is given elsewhere [3], we shall 
mention some specific features of the swirled jet 
development. 

Figure l(a) shows a change in the pressure, P* 
= 2P,,,JpU2, in maximum longitudinal velocities, 

%l = u&J, and in longitudinal velocities at the axis, 
u* = u,JU, along the jets studied. It is seen that in the 
jets which are characterized by the presence of ‘dips’ in 
the longitudinal velocities at the jet axes, the maximum 
values of u* do not correspond to the absence of‘dips’ in 
the cross-section. The value of the longitudinal velocity 
on the jet axis becomes a maximum, u* = u,, for all of 
the jets studied in the cross-sections spaced at X > 10 
from the nozzle edge. Figures l(b) and (c) show 
variations of the longitudinal, ii = u/U, and radial, 
V = u/U, components of the velocity vector over the 
jet cross-sections. It is seen from these figures that the 
appearance of the zone of ‘dips’ in the longitudinal 
velocities in swirled jets is accompanied by the 
appearance of negative radial velocities near the jet 
axis. A rapid increase of the longitudinal velocity on the 
jet axis with distance from the nozzle edge corresponds 
to an increase in the radial velocities near the jet axis 
and to their circumferential decrease. At the cross- 
section, ?c > 10, the absence of‘dips’in the longitudinal 
velocities, of positive radial velocities near the jet axis 
and negative on the periphery are observed. Figures 
2(a) and (b) present the variation in the swirling rate, 
W = w/U, and in pressure, P = 2P/pU2, in swirled jets. 
Here the solid lines correspond to the solution of the 
problem by the method of asymptotic expansions [3]. 

Figure 3 shows the variation of the maximum 
concentrations, C, = c,,,/cO, along the axes of the jets 
studied, X = x/d. The dashed curves correspond to the 
self-similar solution [the concentration expansion, 
formula( 1 I), involves the first term at a~ = 0] ; the solid 
curves are obtained by formula (11). It is seen from Fig. 3 
that the boundary between the translational and the 
main (similarity) segments of thejets can be considered 
to lie at the cross-section where curves 1 and 2 
practically converge. This distance from the nozzle edge 
depends on the swirling intensity, Q and for the jets 
studieditisequal to:‘S-l’-Y = 25,‘S-2’--X = 3O,‘S-3’ 
--X = 34. Since with an increasing Q, the boundary of 
the similarity zone moves away from the nozzle edge 
and this leads to a change in the transition zone 
boundary, then for ‘S-l’ the solution obtained allows 
a description of the concentration distribution in the 
transition zone starting from the tenth diameter (the 
difference between the maximum predicted and 
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FIG. 1. VariationofpressureP*,maximumlongitudinalii,andlongitudinaiaxial I(* velocitiesalongtheaxesof 
(a) swirledjets, (b) longitudinal C and (c) radial V velocities over the cross-sections ofjets. 0, x/d = 6; 0, x/d 

= 8; a, x/d = 10; V, x/d = 20. 

0 I 0.013 0026 0.039 

3 

,' 1.5 

0 2 

FIG. 2. Variation of(a) swirlingrate G and (b)pressure Pin swirledjets. U, x/d = 8; &x/d = 10; V,xld = 20. 
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o-0 
x/d 

FIG. 3. Variation ofmaximum concentration of gas admixture 
Z,,, along the axes f of swirled jets: 0, ‘S-l’; A, ‘S-2’; 
a, ‘S-3’; ---, self-similar solution; -, non-self-similar 

solution. 

experimental concentration values is 3%); for ‘S-2’- 
starting from the fifteenth diameter (the difference 
amounts to 5%) and for ‘S-y-starting from the 
twentieth diameter. 

Figures 4(a) and (b) present the distributions of 
velocities, u = u/U, calculated by the formulae of refs. 
[5,6] [see Fig. l(a)] and of concentration, C = c/c,, 
calculated by formula (1 l), for the jets ‘S-l’, ‘S-3’ over 
the cross-sections a? of the transitional and main 
portions of the jets. It is seen from these figures that the 
region of the jet characterized by a ‘dip’ in the axial 
velocity is well described by the formulae for the 
velocity, but as regards the concentration, there is some 
difference between the predicted and experimental 
results. 
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TRANSFERT MASSIQWE ET THERMIQUE DANS DES JETS TOURBILLONNAIR~S 
MSQUEUX 

RCsum&Dans le cadre de la thborie de Loitsyansky pour le probl$me du developpement des jets 
tourbillonnaires submergbs, la distribution des temperatures en exces a btC obtenue par la mtthode des 
diveloppements asymptotiques. Le second et le troisikme termes du dbveloppement de la temp&rature ont bti 
obtenus en tenant compte de l’effet de I’intensitC du tourbillonnement pour un large domaine de nombre de 
Prandtl (Pr # 1). Les r&ultats des recherches exp&-imentales sur Ies champs de vitesse, de pression et de 
~on~ntration d’un gaz dans des jets tourbillonn~res et turbuients d’air sont don&s et ils son t cornpar& avec 

le calcut. 
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WARME- UND STOFFUBERTRAGUNG IN ZAHEN WIRBELSTRAHLEN 

Zusammenfassung-Im Rahmen der Loitsyanski-Theorie zum Problem der Ausbildung iiberfluteter 
Wirbelstrahlen wurde die Verteilung der Ubertemperaturen in Wirbelstrahlen mit dem Verfahren der 
asymptotischen Reihenentwicklung berechnet. Die zweiten und dritten Terme der Entwicklung fur die 
Ubertemperatur wurden ermittelt, wobei der EinfluB der Wirbelintensitlt des Strahls tiber einen weiten 
Bereich der Prandtl-Zahl (Pr # 1) beriicksichtigt wurde. Experimentelle Ergebnisse fur die Geschwindigkeits-, 
Druck- und Konzentrationsfelder turbulenter Lnft-Wirbelstrahlen bei Gas-Beimischung werden mitgeteilt 

und mit den Berechnungen verglichen. 

TEHJIO- I4 MACCOOEMEH B BI13KMX 3AKPY’-IEHHbIX CTPYJIX 

Auuorauun-MeronoM aCNMnTOTwIeCKHX pa3JIOmeH88 B paMKax Teopsa flOtiW~CKOr0 3anaw 0 

pasee-rasit 3aTonneHHbtx 3aKpyqetiHbtx crpyA nonyYeH0 pacnpenenewe H36blToqHblx TeMnepaTyp 

B 3aKpyqeHHblX CTpyRX. HafineHbl BTOpOfi B T!JETI%ti UeHbI pa3JIOmeHHR A36bITOYHbIX TeMnepaTyp, 

YTO n03BOJISlCT y'Ie‘Tb BJIAIlHlle HHTeHCLiBHOCTH 3aKpyTKA CTpyH &"R UILipOKOrO XHana3OHa YEICUI 

f? # I. npi%BCnCHbl ~3)'JIbTaTbt 3KCneptfMCHTanbHbIX BCCJ,eAOBaHHfi nOJIeii CKOpOCTCli, naBnCHHIl II 

KOHUCHTPNViB ra3OBOii npAMeCLi B TYP6yJlCHTHbIX 3aK,,yYCHHbIX CTpySlX BO3LI)rXa, KOTOpbIC 

COnOCTaBJTCHbI C peI"eHACM. 


